We establish some new common coupled fixed point theorems for a pair of operators not assumed to satisfy mixed monotone type properties in the ordered Banach space setting. For that purpose, the notions of weakly inflationary and weakly deflationary operators are introduced in the two-dimensional setting, and existence and uniqueness common coupled fixed point theorems for such operators are established under certain condensing and contractive conditions involving the two-dimensional setting. As an application, we study the existence and uniqueness of nonnegative solutions for nonlinear integral equations.
Introduction and preliminaries
The notion of a coupled fixed point was introduced and studied by Opoitsev [] and investigated later by Guo-Lakshmikantham [] . Among investigations of coupled fixed point results for nonlinear operators in the ordered Banach space setting, there are more results on the existence of coupled fixed points than on the existence of common coupled fixed points of a pair of operators, and most of these results were established for mixed monotone operators; see for instance [-] and the references therein. The notion of a mixed monotone operator was introduced in [] as follows. In some recent work, the authors have followed a line of research consisting in replacing the mixed monotonicity of operators by other properties, since the mixed monotonicity is not often easy to check; see [] for a property based on the comparability of elements in ordered metric spaces, and [, ] for the following alternative mixed monotone property.
Definition . Let ( , ≤) be a partially ordered set, and let A : × → , g : → be two operators. A is said to be mixed g-monotone if A(x, y) is g-nondecreasing in x and g-nonincreasing in y, in the sense that (∀x  , x  , y ∈ ) g(x  ) ≤ g(x  ) ⇒ A(x  , y) ≤ A(x  , y) and (∀x, y  , y  ∈ ) g(y  ) ≤ g(y  ) ⇒ A(x, y  ) ≥ A(x, y  ).
Hence, the mixed g-monotone property of an operator A : × → extends its mixed monotone property (which is the mixed Id-monotone property where Id is the identity mapping on ).
In this paper, we continue on this path by investigating the existence of common coupled fixed points of a pair of operators A, B : × → , where mixed monotone type properties of the operators are not assumed, while the pair of operators is assumed to satisfy a new two-dimensional order type property, extending a well-known one-dimensional equivalent property (Definition . and the remarks following), and guaranteeing the use of monotone iterative technique. To prove the existence of a common coupled fixed point for such pair of operators, it is assumed for operators to satisfy a useful condensing and contractive conditions (conditions (C  ) and (C  ) hereafter) involving the two-dimensional setting. The consideration of the latter condensing and contractive conditions is motivated by the fact that these conditions are satisfied in particular when the operators satisfy the standard condensing and contractive conditions as defined in the literature; see Definition . and the remarks following Lemma ..
The first main result extends the well-known results in the literature on a fixed point theorem for monotone operators and coupled fixed point theorem for mixed monotone operators; see [] , Theorem .. and Theorem ... We look, also, at the equivalent of our main result when the Banach space is endowed with its weak topology. Finally, we illustrate the applicability of our results by studying the existence and uniqueness of nonnegative solution for a two-dimensional nonlinear integral equations.
Throughout this paper X will be a real Banach space, B r will denote the closed ball in X centered at  with radius r > . In particular, we use the notation B X := B  . For a subset ⊂ X, π : × → will denote the first projection mapping, i.e. π (x, y) = x (x, y ∈ ). We will mean in the sequel by the term 'operator' between two Banach spaces a mapping which is (nonlinear in general) continuous and bounded (i.e. takes bounded sets to bounded sets).
A cone K in X is a subset of X with K + K ⊂ K , αK ⊂ K for all α ≥ , and K ∩ (-K) = {}. As usual X will be ordered by the (partial) order relation
and the cone K = {x ∈ X : x ≥ } will be denoted by X + . (X, ≤) is said to be an ordered 
Banach space X is said to be normal whenever there is a constant N >  (called the normal constant of X + when N is the smallest constant) such that for every x, y ∈ X
The following two lemmas will be useful in the proofs of our results. Proof The 'only if ' part is obvious. For the 'if ' part, assume that (u n ) is nondecreasing and let (u n k ) ⊂ (u n ) be a subsequence such that u n k → u weakly for some u ∈ X. Let m ∈ N be fixed. For each k ≥ m, we see that
Since the cone X + is convex and closed, it is weakly closed. Thus, since u n k → u weakly, we see from (.) that u m ≤ u for each m ∈ N. Thus, it follows from [], Lemma . that
where N denotes the normal constant of X + . Letting k → ∞, we see that lim u m = u as required. The desired conclusion is proved similarly when (u n ) is nonincreasing. 
, where S is a measure space and λ is the Lebesgue measure.
Definition . ([]
, p.) Let X and Y be two real Banach spaces, let φ and ψ be two measures of (weak) noncompactness in X and Y , respectively, and let ⊂ X be a subset.
When X = Y and φ = ψ, we shall simply say 'φ-condensing' and 'k-φ-contraction' . The following implications are now evident: 
When Y = X, an operator T : → is said to be nondecreasing (resp. nonincreasing) if for all x, y ∈ , x ≤ y implies Tx ≤ Ty (resp. Tx ≥ Ty).
A point x * ∈ is called a fixed point (resp. lower fixed point, resp. upper fixed point) if x * = Tx * (resp. x * ≤ Tx * , resp. x * ≥ Tx * ). A lower (resp. upper) fixed points are also called a post-fixed points (resp. pre-fixed points); see [] , p.. Also, for an operator A : × → , let us recall from [] the following two-dimensional fixed point notions:
-A point (x * , y * ) ∈ × is said to be a coupled fixed point of A if
is also a coupled fixed point of A. Also, (x * , x * ) is a coupled fixed point of A whenever x * is a fixed point of A. -A point (x, y) ∈ × is said to be a lower (resp. upper) coupled fixed point of A if
Clearly, if (x, y) is a lower (resp. upper) coupled fixed point of A then (y, x) is an upper (resp. lower) coupled fixed point of A.
Main results
In the sequel, we consider the product space X × X equipped with (x, y) ∞ = max{ x , y } and the Kuratowski measure of noncompactness and the De Blasi measure of weak noncompactness α × and ω × , respectively, and γ = α or ω. The facts in the following lemma are obtained in a simple way and therefore their proofs are omitted.
Lemma . Let X be a Banach space. For each D  , D  ∈ B(X) the following assertions hold:
For a subset ⊂ X, it follows from Lemma . that if an operator A : × → is (γ × , γ )-condensing then A satisfies the following γ -condensing condition:
satisfies the following k-γ -contraction condition:
Define the (continuous and bounded) operator A :
Since G(·, y) is contractive with contraction constant k for every y ∈ B X , and G(x, ·) is compact for every x ∈ B X (because the range of G(x, ·) lies in a finite dimensional subspace of X, for every
which proves that A satisfies the α-condensing condition (C  ). () More generally, if T, S : → are two operators such that both T and S are γ -condensing, then the operator A : × → defined by
, then it follows that the operator B satisfies the k -α-contraction condition (C  ).
Recall from [], p. that an operator T : → on a partially ordered set is said to be inflationary (or progressing, see [] , p.) if Tx ≥ x for every x ∈ . An example of such operator is the operator that associates to every element of a vector lattice its positive part. We introduce the following similar two-dimensional concepts.
Definition . Let ( , ≤) be a partially ordered set. For an operator A : × → , let T A : × → × be the operator defined by
() An operator A : × → is said to be inflationary, if A is inflationary with respect to its first argument, that is, A(x, y) ≥ x for every x, y ∈ ; () a pair of operators A, B : × → is said to be weakly inflationary if A is inflationary on T B ( × ) and B is inflationary on T A ( × ), that is,
A B(x, y), B(y, x) ≥ B(x, y)
and
B A(x, y), A(y, x) ≥ A(x, y)
for all x, y ∈ . If the preceding inequalities are satisfied only on T B (D) and T A (D) respectively, where D is a subset of × , then the pair A, B is said to be weakly inflationary on D; () an operator A : × → is said to be weakly inflationary, if the pair A, A is weakly inflationary, that is,
for all x, y ∈ .
If in the preceding definition the order is reversed then we will use the term 'deflationary' instead of inflationary. On the other hand, if we take A = T • π and B = S • π , where T, S : → are two operators, then we obtain the equivalent one-dimensional notion of [] , that is, T and S are weakly isotone increasing (resp. weakly isotone decreasing if the order is reversed) in the sense that
T(Sx) ≥ Sx and S(Tx) ≥ Tx
for all x ∈ ; we opted for the terms (weakly) inflationary-(weakly) deflationary instead of (weakly) isotone increasing-(weakly) isotone decreasing, as the latter are used also to mean that the operators are increasing-decreasing (resp. strictly increasing-strictly decreasing); see for instance [] , p., [], p..
Clearly, if A and B are both inflationary (resp. deflationary), then the pair A, B is weakly inflationary (resp. weakly deflationary). The converse does not hold in general.
for all x ∈ [, ]. This shows that f is weakly deflationary on . Therefore, the restriction of f on is a weakly deflationary mapping which is not deflationary. () On the other hand, it follows from (.) that f is deflationary on , and since g is decreasing, then
for all y ∈ f ( ). This shows that the restriction of f on is a weakly inflationary mapping which is not inflationary. () The function f does not satisfy the mixed monotone property since f is decreasing in x. () From () and (), it follows that the pair f , g (i.e. f , g • π R ) is weakly deflationary on (resp. weakly inflationary on ), but f is not mixed g-monotone. Indeed, if x, y  , y  ∈ R such that g(y  ) ≤ g(y  ), since g is decreasing and one to one from R to (, +∞), then y  ≥ y  and hence f (x, y  ) ≤ f (x, y  ) since f is decreasing in y. This shows that f is not g-nonincreasing in y. 
If α(U) = , then U is relatively compact and hence so is T(U). Therefore, since α(V ) > , we have
Now, applying Theorem ., there exists a common coupled fixed point (u * , v * ) ∈ × of A and B, that is, u * is a common fixed point of T and S. From (.) we see that u * = lim u n and (.) holds true. Finally, to prove the minimality of u * , let u ∈ [u  ) ∩ be such that Tu = Su = u. Since T is nondecreasing, it follows from u  ≤ u that Tu  ≤ Tu, that is, u  ≤ u.
Again, since S is nondecreasing, Su  ≤ Su, that is, u  ≤ u. Proceeding inductively, we get u n ≤ u for each n = , , , . . . . Now, taking the limit n → ∞, we obtain u * ≤ u as desired.
For the existence of a maximal common fixed point u * of T and S, consider the subset = {v ∈ (v  ] ∩ : Tv ≤ v and Sv ≤ v}, and by the same preceding arguments, such common fixed point exists with u * = lim v n and (.) holds true. Now, consider in the product space (X × X, · ∞ ) the following partial order:
It is easy to see that if X + is a normal cone in X then (X × X) + is also a normal cone in X × X.
Corollary . Let X be an ordered Banach space with a normal cone X + , and let be a nonempty closed subset of X. Let A, B : × → be two mixed monotone operators such that () A and B satisfy the following commutation property:

A B(x, y), B(y, x) = B A(x, y), A(y, x)
for all x, y ∈ ; () A and B have at least one common lower (resp. upper) coupled fixed point 
Then A and B have a minimal common coupled fixed point
(u * , v * ) ∈  ×  such that (v * , u * )
is a maximal common coupled fixed point of A and B, that is,
Therefore T A is α × -condensing. Similarly, it can be shown that T B is a  -α × -contraction. Now, applying Corollary ., the operators T A and T B have a minimal common fixed point (u * , v * ) ∈  ×  , that is, (u * , v * ) is a minimal common coupled fixed point of A and B, and (.) and (.) follow from (.) and (.) applied for T A and T B . Now, since (u * , v * ) is a common coupled fixed point of A and B, then so is (v * , u * ). Finally, to prove the maximality of (v * , u * ), let (u, v) ∈  ×  be any common coupled fixed point of A and B. Since A is mixed monotone, it follows from
Again, since B is mixed monotone, it follows by similar arguments from u  ≤ u ≤ v  and
Proceeding inductively, we get u n ≤ u ≤ v n and u n ≤ v ≤ v n for each n = , , , . . . . Now, taking the limit n → ∞ in the preceding inequalities, we obtain u * ≤ u ≤ v * and u
Note that in the case (u  , v  ) is a common upper coupled fixed point of A and B, (v  , u  ) is a common lower coupled fixed point of A and B, and the required conclusions follow from the preceding case. In order to establish the equivalent of Theorem . for the De Blasi measure of weak noncompactness, we need for an operator A : × → the following two conditions:
is relatively weakly compact for every U, V ∈ B( ).
Remark . () Weakly continuous operators A : × → satisfy the condition (C  ). However, the converse is false in general. 
for all U, V ∈ B( ). In particular, A satisfies the ω-condensing condition (C  ).
Since A is a ϕ-nonlinear contraction, it follows easily that
Therefore, from the condition (C  ), we see that ω(A(U × V )) ≤ ϕ(r). Now, since ϕ is continuous, letting r → max(ω(U), ω(V )), we get the required conclusion. 
and assumptions () and () that Proof of Theorem . Let U and V be the sets defined as in the proof of Theorem .. Using the condition (C  ), it can be shown by a similar arguments of the proof of Theorem . that U and V are relatively weakly compact. Since the sequences (u n ) and (v n ) are nondecreasing, it follows from Lemma . that lim u n = u * and lim v n = v * for some (u * , v * ) ∈ × . Now, since A and B are continuous, by (.) and (.) we get 
Application to nonlinear integral equations
We give an application of Corollary . to the following nonlinear integral equation:
where the kernel mapping K : I × I → R is measurable on I × I, and g : I × R → R, f : I × R  → R are two given mappings.
(A  ) f is a Caratheodory function satisfying the following positivity property:
for almost all t ∈ I and for all x, y ∈ R + .
(A  ) f satisfies the separated domination property, that is, there exist a constant k >  and a positive function w  ∈ X such that
for almost all t ∈ I and for all u ∈ R  .
(A  ) The kernel mapping K is positive, i.e. K(t, x) >  for all t, x ∈ I, and satisfies the following upper estimate:
K(t, x) ≤ ψ(t)ϕ(x)
for almost all t, x ∈ I, and for some positive functions ψ, ϕ ∈ L ∞ (I) such that
where ρ is some (arbitrary) positive number. So, under the supremum on all subsets M and all (u, v) ∈ U × V , respectively, and letting ε → , we get from equation (.) ω A(U × V ) ≤ ϕ ∞ w  + kc ω {ψ} = , since the set {ψ} is weakly compact in X. Therefore, A(U × V ) is a relatively weakly compact set in X, and (b) is proved.
For the proof of (c), let u, v ∈ . From assumption (A  ) and the positivity of the Kernel mapping K we see that A(u, v)(t) >  for all t ∈ I, and hence by assumption (A  ), for almost all t ∈ I we have A(u, v) . Now, from assumptions (A  ), (A  ), for almost all t ∈ I we have A B (u, v) , B(v, u) 
B A(u, v), A(v, u) (t) = N g A(u, v) (t) = g t, A(u, v)(t) ≤ φ A(u, v)(t) < A(u, v)(t).
Therefore, B(A(u, v), A(v, u)) ≤
Since N g (u) ∈ and X + is normal, it follows that N g (u) ≤ c. Therefore, by assumption (A  ) the preceding inequality becomes
A B(u, v), B(v, u)
(t) ≤ ψ(t) ψ ∞ c ≤ ψ(t) ψ ∞ μ  ≤ g t,
u(t) = B(u, v)(t)
for almost all t ∈ I. Thus, A (B(u, v) , B(v, u) ) ≤ B (u, v) , and (c) is proved.
